
21 On the definition of chaos. Lyapunov exponents

21.1 Itineraries

I stated and proved in class that the logistic map

x 7→ 4x(1− x), x ∈ [0, 1] (1)

has k-periodic orbits for any k ∈ N. Moreover, we discussed a fascinated results that if a continuous
map f : I −→ I has a 3-periodic point then it immediately implies that it has k-periodic points for
any k. Is this enough to call something chaotic? Actually, no, although presence of periodic points of
any period is an indication of a complex behavior. A natural sign of a chaos is the loss of information
with time. Depending on what we would call information and how we would describe it, it is possible
to have different (and non-equivalent) definitions of chaos1. I will give only one which is based on
quite intuitively simple notion of sensitive dependence on initial conditions.

Definition 1. Let f : R −→ R. Point x0 has sensitive dependence on initial conditions if there exists
d > 0 such that any neighborhood of x0 contains a point x such that |fk(x) − fk(x0)| ≥ 0 for some
nonnegative k.

I start with the proof that the logistic map (1) exhibits sensitive dependence on initial conditions
for any point of [0, 1]. For this I will introduce2 the so-called itineraries. Divide the interval [0, 1] into
two halves: [0, 1/2] and [1/2, 1] and call them L and R. Start an orbit at some initial point x0, the
points of this orbit will belong to L or R sets at which iteration, and the corresponding itinerary may
look like LLRRLRL..., meaning that x0 ∈ L, x1 ∈ L, x2 ∈ R and so on. Of course, initially we do
not know whether any itinerary can be realized for any orbit of the logistic map. For example for the
initial point x0 = 1/3 I have the orbit 1/3, 8/9, 32/81, ... and hence the itinerary LRL.... For x0 = 1/4
1/4, 3/4, 3/4, 3/4, . . . and hence LRRRR . . . = LR. Finally for x0 = 1/2 the orbit is 1/2, 1, 0, 0, ... so
that I have some ambiguity since both RRL and LRL satisfy my definition. However, if 1/2 is not in
the orbit then the corresponding itinerary is uniquely defined.

I start with identifying the sets of points whose itineraries start with the given sequence. For
example, the set of initial conditions whose itineraries start with LL form a subinterval of the unit
interval. A little experimenting shows that this is actually the interval [0, 0.146] (can you figure out
how to find these coordinates?). Moreover, the unit interval is being subdivided into the sets LL,
LR, RR and RL, exactly in this order. The sets with three letters are LLL, LLR, LRR, LRL, RRL,
RRR, RLR, RLL (see the figure below). Note that for any set consisting of two letters it is possible
to have both L and R at the end (the exact rule is actually as follows: in the given set has an odd
number of Rs then this set is divided into two other sets, such that the left one ends with R and the
right one ends with L, the situation is opposite for the set having even number of R). This means
that any itinerary is possible for orbits of (1). This can be also seen by noticing that the image of L
contains both L and R, and the same is true about the image of R.

Now consider an itinerary starting with k symbols S1S2 . . . Sk, Si ∈ {L,R}. There are 2k such
distinct sets, each of which has a very short length. Actually it can be proved that the length of any
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such interval is less then π/2k+1. Now this interval contains subintervals S1S2 . . . SkLL, S1S2 . . . SkLR,
S1S2 . . . SkRR, S1S2 . . . SkRL. The sets LL and RL are at least 1/4 unit one from another which means
that there exist two points in the interval S1S2 . . . Sk whose orbits after sufficiently many iterations
will be 1/4 units apart, which prove the sensitive dependence on initial conditions. Actually, any point
in [0, 1] has sensitive dependence on the initial conditions.

Figure 1: Itineraries for the logistic map

As an illustration take k = 1000, hence there are two points, which 2−1000 ≈ 10−300 units close,
but the orbits after 1000 iterations will be 1/4 units apart.

21.2 Lyapunov numbers and exponents

Ok, I was able to give a convincing argument that the logistic map (1) is chaotic. My proof was so
smooth because I used the fact that for the parameter value r = 4 the logistic map is f : [0, 1] −→ [0, 1]
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is surjective. What about other values of r? Can we come up with a relatively straightforward way
to check that something is chaotic, at least numerically? The answer is “yes.”

Recall that the stability of a fixed point x̂ is determined by the multiplier f ′(x̂), the stability of a
k-periodic point x̂1 by the product f ′(x̂1) . . . f

′(x̂k). I would like to generalize these concepts for an
orbit that is different from, e.g., fixed or k-periodic point.

Definition 2. Let f be a smooth map on R. The Lyapunov number of the orbit γ(x1) is

l(x1) = lim
t→∞

(
|f ′(x1)| . . . |f ′(xt)|

)1/t
if the limit exists. The Lyapunov exponent of the same orbit is

h(x1) = log l(x1) = lim
t→∞

log |f ′(x1)|+ . . .+ log |f ′(xt)|
t

,

if this limit exists.

One should check that if the orbit consists of k-periodic points, these definitions will boil down to
the usual stability criterion mentioned above. Intuitively, Lyapunov numbers and exponents show how
much on average nearby orbits separate from each other. Hence, one should expect that if l(x1) > 1
or h(x1) > 0 then we will have sensitive dependence on the initial conditions, which is a hallmark of
chaos.

To be technically correct I will need also the notion of an asymptotically periodic orbit: An orbit
γ(x1) is called asymptotically periodic if there exists γ(y1), which is periodic, and

lim
t→∞

|xt − yt| = 0.

Definition 3. The orbit γ(x1) is chaotic if it is not asymptotically periodic and h(x1) > 0.

Example 4. Consider the map
f(x) = 2x (mod 1).

This map is discontinuous, but clearly for almost all the initial conditions we will have that

Figure 2: Graph of the map f(x) = 2x (mod 1)
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lim
t→∞

1

t

t∑
i=1

log |f ′(xi)| = lim
t→∞

1

t

t∑
i=1

log 2 = log 2 > 0.

I will leave it as an exercise to check that the set of asymptotically periodic points is countable, and
hence for this map there exist chaotic orbits.

I cannot do the same straightforward computations for the logistic equation, however, it is always
can be done numerically, see the figure

Figure 3: Numerically calculated Lyapunov exponents for the logistic map f(x) = rx(1−x) depending
on r

It is instructive to compare this figure with the bifurcation diagram of the logistic map.
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